Mass-Deformed BLG Theory 
in Light-Cone Superspace 



Dmitry V. Belyaev * 



Institute for Fundamental Theory, 
Department of Physics, University of Florida 
Gainesville, FL 32611, USA 



Abstract 

Maximally supersymmetric mass deformation of the Bagger-Lambert-Gustavsson (BLG) 
theory corresponds to a non- central extension of the d — 3 N = 8 Poincare superalgebra 
(allowed in three dimensions). We obtain its light-cone superspace formulation which has 
a novel feature of the dynamical supersymmetry generators being cubic in the kinematical 
ones. The mass deformation picks a quaternionic direction, described by rim", which breaks 
the 5*0(8) i?-symmetry down to 5*0(4) x 5*0(4). The Hamiltonian of the theory is shown to 
be a quadratic form of the dynamical supersymmetry transformations, to all orders in the 
mass parameter, M, and the structure constants, f°-^^'^. 
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1 Introduction 

The Bagger-Lambert-Gustavsson (BLG) theory [H El E] is the maximally super symmetric and 
superconformal three-dimensional gauge theory of Chern-Simons type. It has rigid symmetry 
described by the superconformal group OSp{2,2\8) and local symmetry described by the 3-Lie 
algebra with structure constants f^'^'^a- This theory has a very interesting mass deformation [HIS], 
which breaks the conformal symmetries while preserving all of the maximal supersymmetry. The 
resulting symmetry group is a non- central extension of the d = 3 N = 8 superPoincare group 
[6l [7]. Such an extension is forbidden in four and higher dimensions [HI |9], which makes this 
three-dimensional theory very special. 

As is well-known, supersymmetric theories enjoy living in superspace. The latter comes in 
two varieties: off-shell superspace (best suited for minimal supersymmetry) and on-shell 
superspace [llj (best suited for maximal supersymmetry [12]). The former requires additional 
auxiliary fields, whereas the latter operates with only physical degrees of freedom. Light-cone 



1 



(LC) superspace is the best known example of on-shell superspace. It has been used, in particu- 
lar, to prove the UV finiteness of the = 4 super- Yang- Mills [13| I14j. One surprising feature of 
the LC superspace is that the LC superspace Hamiltonian of a maximally supersymmetric theory 
(in all the cases studied to date) appears to be a quadratic form of the dynamical supersymmetry 
transformation of the basic superfield [15i 1161 HSj. In the LC superspace formulation of the 
BLG theory \19\ \T7\ I18j . this has been verified [18] to linear order in f"-^'^'^. In this paper, we 
will prove that this property holds to all orders in f°-^'^'^. 

Attempting to construct the LC superspace formulation of the mass-deformed BLG theory 
from scratch, by solving the constraints imposed by the symmetry group (as in [E]), one would 
encounter (at least) two problems. First, the dynamical supersymmetry generators, Q's, must 
be cubic in the kinematical supersymmetry generators, g's, because in the commutator of two 
supersymmetries one must find an i?-symmetry transformation which is quadratic in q's. At the 
same time, in the commutator of two Q's there should be no terms quartic in q's, as no such 
symmetry generators exist. The apparent quartic terms must somehow cancel. Second, the mass 
deformation should break the 50(8) /^-symmetry of the BLG theory down to 50(4) x SO {A). 
And it is not a priori obvious how to accomplish this in the LC superspace setting best suited 
for keeping SU{A) /^-symmetry manifest. 

In this paper, we will perform the top-down reduction [17] of the known (covariantly formu- 
lated) mass-deformed BLG theory [U [5] to its LC superspace form. This allows us to solve the 
above mentioned problems. In the covariant formulation, the mass parameter is accompanied 
by the 32x32 matrix r3456 (the product of four 11-dimensional gamma matrices) which in our 
conventions is 



3456 



+ 

\ -) 




(1.1) 



where il^n = —^n^ is one of the quaternionic matrices in the algebra of 50(4) C 5C/(4). We 
will see that this matrix intertwines the 50(8) i?-symmetry generators [18] (T^, Tmn, T*"" and 
T) in a way that reduces the i?-symmetry group to 50(4) x 50(4). We will also see that Q's 
are indeed cubic in q's, whereas the following identity 

S^^^k'^r'qtqs\ = (1.2) 

is responsible for the absence of terms quartic in q's inside the commutator of two Q's. 

We will see that the mass deformation affects the dynamical supersymmetry transformations, 
but not the kinematical ones. (Therefore, mass is treated as an interaction in LC superspace.) 
The modification is fairly simple, given that the mass parameter, M, never multiplies the struc- 
ture constants, f^'^'^a- The modification at the Lagrangian level is more involved, but once we 
show that the LC superspace Hamiltonian of the mass-deformed BLG theory is a quadratic form 
of the dynamical supersymmetry transformations, the overall structure becomes quite simple. 

In Section [2l we analyze the mass-deformed BLG theory with f^'^'^a set to zero (i.e. the 
"abelian" version of the theory) and with the gauge indices on the fields accordingly suppressed. 
The indices will be reintroduced together with /'"^'^a in Section [3l Some technical details (includ- 
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ing the major part of the proof of the quadratic form property of the LC superspace Hamiltonian) 
are delegated to the Appendices. Throughout the paper, we fohow the conventions of jl?] . 

2 The abelian theory 

In this section, we will analyze the mass- deformed BLG theory [H [5] with f'"^a = 0. In the 
covariant formulation, the field content of the theory consists of eight scalars, , / = 3, . . . , 10, 
and a single 32-component Majorana spinor, ^, satisfying an additional constraint roi2^' = — ^I'- 
On-shell, there are 8 bosonic and 8 fermionic degrees of freedom. They fit nicely into the 
LC superfield (p fBJ. Our goal is to find how (p varies under supersymmetry transformations. 
In the covariant formulation, the latter are described by a 32-component Majorana spinor, 
e, satisfying roi2e = +£• In the LC superspace formulation, e is reduced to 8 kinematical 
supersymmetry parameters, a"^ and am = (a"*)*, and 8 dynamical supersymmetry parameters, 
f3"^ and (3m = (Z?™')*; rn = 1,2,3,4. We will see that the mass deformation affects only the 
latter, and that the mass parameter, M, appears multiplied by a matrix f^m" that breaks the 
50(8) i?-symmetry down to 5'0(4) x 50(4). We will close this section with the discussion of 
the Hamiltonian, H, and the dynamical Lorentz boost generator, 

2.1 Covariant formulation 

The action of the abelian mass-deformed BLG theory is 5 = J d^xC with 

c = -^{d^x'){df'x') + '-'^r^'d^^ - ^m^x'x' + ^M^r3456^ , (2.1) 

where /i = 0, 1, 2 and / = 3, 4, 5, 6, 7, 8, 9, 10. The symmetries of this action are 

• translations, with parameters v^, 

5,X^ = vf'd^X^, 5,^ = vf'd^^ ; (2.2) 

• Lorentz transformations, with parameters X^'^ = —X'^^, 

6xX' = X'^-'x^d.X', 6x^ = X^-'x^d,^ + ^X^T^,^ ; (2.3) 

• 50(4) X 50(4) i?-symmetry transformations, 

5rX' = R'^X^, 5rX'' = W'^'X^\ 5r^ = \R'^V,j^! + \B}'''T,y^! , (2.4) 

where i = 3, 4, 5, 6 and i' = 7, 8, 9, 10; the parameters R^^ = —R^^ parametrize the first 
50(4), and K'"'^' = —R^'^' parametrize the second 50(4); 

• supersymmetry transformations, with the parameter e, 

6eX^ = ieP^^, de"^ = m^ed^^X^ - MTsine^^eX^ . (2.5) 
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The algebra of these symmetries closes on-shell, i.e. provided the equations of motion implied 
by dZID, 

{df'd^ - M^)X' = 0, {T^'d^ + Mr3456)^ = , (2.6) 

are satisfied. The key commutator is that of two super symmetries, for which we find 

[8,,,5,,]=6, + 5r, (2.7) 

where (note that our conventions are such that = — r3456roi2) 

= -2^(e2r'^ei), R'^ = 2iM(e2r^^r3456ei), R'''' = 2iM{Z2V'^'Tj^^^^^)ei) . (2.8) 

As the commutator of two supersymmetry transformations yields the i?-symmetry transforma- 
tion (in addition to the standard translation), this algebra is a non- central extension of the d = 3 
N = 8 superPoincare algebra. 

2.2 LC supersymmetry transformations: component form 

Using the LC projectors, P+ = — ^r+r_ and P_ = — ^r_r_|_, we define e± = P±e and = 
P±^ |17| . The fermionic equation of motion in (|2.6p can then be used to solve for 

^~ = ^r_{T2d + Mr3456)*+ , (2.9) 

where = -^(—do+di) and d = 82- From now on, only variations of ^+ need to be considered. 
The transformations (j2.5p split into the kinematical supersymmetry transformations, 

5,_-^+ = T+T^e-d^X^ , (2.10) 
and the dynamical supersymmetry transformations, 

5e+x' = ^e+r^r_(r2a + Mr3456)^+ 

6,^^+ = {T2d-MTu^^)T'e+X' . (2.11) 

As the mass deformation does not affect the kinematical supersymmetry transformations (|2.10p , 
the fitting of the degrees of freedom into the LC superfield (j) is as in [T7]. The eight scalars X^ 
define the bosonic components of (f) as follows, 

A = ±{X^ + iX') 

Cmn = -^(r/iX^ +r/2X6+ 7/3^7) + -!=(^lX8+ ^2^9+ ^3^10) , (2.12) 



^ This superalgebra (with 16 supercharges) is described in Appendix E.2 of [?]■ It is a doubled version of the 
superalgebra with 8 supercharges given explicitly in Appendix E.l of [7] and described after eq. (48) in [6]. 
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where {r]a)mn and {rja)mm a = 1) 2, 3, are six 4x4 matrices (the so-cahed 't Hooft symbols [201 [^) 
whose explicit form and properties are given in Appendix |Al The 8 fermionic components in 
define the fermionic components of (p as follows, 

I _ Xm 

X 

The 8 fermionic parameters in e_ define the kinematical supersymmetry parameters a, 

/0\ 



^+ 1 m 



Xm (X ) 




Ctr. 



[a 






whereas the 8 parameters in e+ define the dynamical supersymmetry parameters /3, @ 

/0\ /0\ 





-am) 












I 


J 



13"" 








The component form of the kinematical supersymmetry transformations is as in ^17j , 



OimXn - anXm + ^mnkia^X 



whereas in the dynamical supersymmetry transformations we find 0{M) modifications, 



-j^^rdXru + iMT^m'^Xn 

-iV2d(Al3m - - V2Mnm''(A(3n - CnkP^ 



^ ( - /3mXn + l^nXm + Smnfei/^'^'x') 

{{fim^n^ — Pn^rn')Xk — <^mnklP^^s' X'^ 



d+ 
iM / 



where we defined Qm"" = (??3)mn (see Appendix |A]) , so that[f| 
/ + \ 



+ 



V 



/ 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



In [17], the parameters of the dynamical supersymmetry were called 77™. Now we use /J™ instead, in order 
to avoid confusion with the 't Hooft symbols, which are used extensively in this paper. 

In the matrix-to-second-rank-tensor correspondence, we assign the left index to the rows and the right index 
to the columns. Then, for example, fii^ — +1 and ~ —1- Also, fim" ~ ^"^n expresses the reality of fl, 
whereas Q.m" = —fin™ expresses its antisymmetry. For a symmetric matrix (such as I4 corresponding to (5m") 
there is no need to distinguish between left and right indices, and so we write simply S^. 
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Note also that ilm™ = 0, which is frequently used in what follows. 

2.3 LC supersymmetry transformations: superfield form 

The component fields enter the superfield (j) in such a way that |17] 

1 i 

<P\ = qT"^' ^ 0+^"^' dmn4>\ = -iV2Cmn 

dmnk4>\ = — V^emnfcix'; dmnkl4>\ = '^^mnkld^ ^ ■ (2-19) 

The superfield (j) is chiral, d^(j) = 0) ^-iid satisfies the reality condition ("inside-out constraint") 

= 0* = d[4] = did2d^di . (2.20) 

The same constraints must then be satisfied by the supersymmetry variation superfield d^c/). For 
the kinematical supersymmetry transformations, the answer is 

5,_ = V2{a^qm - amqn4> ■ (2-21) 

It is easy to verify that this reproduces (|2.16p using that 

{g'",g„} = Z<5™, {d"^,d„} = -ZC Z = i^/29+, (2.22) 

and that the = projection (denoted by "|") of g's is equal to the projection of d's. For the 
dynamical supersymmetry, we write 

5e+(t) = {rrQm-r]mQn<^ , (2.23) 

where Q's must have a part linear in g's and a part cubic in g's. The superfield transformation 
should reproduce (j2.17p upon projection. We already know the answer for the M-independent 
part of Q's [17J. For the M-dependent part, we choose the most general ansatz and then fix the 
coefficients accordingly. The final result of this analysis is 

Q"^ = -i^g'" + ^(^l^„"^(?" + fl„'"%g"'-f^n'rf'") . (2.24) 

where q^k = QnQk- Direct evaluation then yields 

{Q™, g4 = iV2^{d^ - M^)6^ , (2.25) 

which confirms the correctness of the result. The terms quartic in g's cancel thanks to the 
following identity 

{C(^^fc'^^t'9/. - qkt) + 2nfr{nt'qsn - ^n'qst) 

+2n^"'nk'qst + 25r{njnk'qis-qnk)}q'' = 0, (2.26) 
which is the expanded version of the obvious identity 

d^nk%'qis]q'' = . (2.27) 
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2.4 30(4) X 30(4) /^-symmetry 

When M = 0, the (anti) commutator of the dynamical and kinematical supersymmetry gener- 
ators yields only the translation in the transverse direction. When M 7^ 0, we also find terms 
quadratic in q's, which can be organized in terms of the S0{8) /^-symmetry group generators 
(of the M = theory) [18] 



r"" = -|g"^g", T^n = -^qmqn. (2.28) 
Explicitly, we find that 

{g-,Q„} = -^/2C9 + ^\/2M5;^ 

{qm,Qn} = iV2MSn,n, {q^^ , Q''} = -iV2M S"""" , (2.29) 

where we defined 

Sl^ = + T^'f^fc™ - Cr^'^f^fc' - TO™*" 

Q Q krji Q krp Qmn r^mrpnk r^nrjimk /r) or,\ 

i~>mn — i'm J-nk ^^n J^mki >J — ^^fc-' ^^k^ • [^.oU) 

We will now show that these generators generate the SO (A) x 5*0(4) subgroup of 50(8). We 
will see that S*^ contains 8 independent hermitian generators of which two (the trace, iS*™, and 
the 0-trace, J7m"''S'^) commute with the other six. These six generators form one of S'0(4)'s, 
whereas the two trace generators combine with 4 independent hermitian generators inside Smn 
and S"^" to form another 5*0(4). To see this, we first introduce parameters u;*"", comn = (w™")* 
and aj^ = (a™)* for the i?-symmetry transformations, and define 

6^<P = -^(w"^"5„„ - w™„5"^")(/<, = a^SJ^cP . (2.31) 



More explicitly. 



Slj(I> — (^^"^^^m''qnk — ^mn^k"^q^^ 

dacP = a^l^n"^ [- I + ^q'qk) + 6^;: [^nk'q' qi) - ^ [nrrS"^ qk + ^k"^ q''qn)]<P ■ (2.32) 

The six 't Hooft matrices, {r]a)mn and (7?a)mn (see Appendix form a basis in the space of 
antisymmetric 4 by 4 matrices, and so we write 

^mn = + W27?2 + + ^iVl + + ■ (2.33) 

Conveniently enough, the products of 't Hooft matrices, {i]a'f]b)mn, together with the unit matrix 
I4 = 6mn form a basis for all symmetric 4 by 4 matrices. This allows us to represent the hermitian 
matrix as 

= aoh + aiir]irji + a22mm + a^izmm 

+ai2mm + aismm + a2ir]2m + a23mm + a-simm + 032%% 

+i(air?i + 027/2 + 03% + aim + + a3??3) , (2.34) 
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where in the first, second and third hnes we have, respectively, the diagonal, symmetric off- 
diagonal and antisymmetric matrices. All 16 coefficients a's are real, whereas the 6 coefficients 
w's are complex. However, many of them drop out from S^^cj) ^-^d 5a4> in (j2.32p for symmetry 
reasons. With f^m" = (%)mn5 we find that only 

wi, UJ2; ao, 03, ai, 0.2, as, 031, 032, 033 (2.35) 

contribute. This constitutes 12 real parameters, which matches the dimension of S'0(4) x S'0(4). 
More exphcitly, substituting (p33]) and ([23^1) into (p32]) . we find that 

dajip = i — UJ1W2 — i^lW2 + UJ2W1 + L02W-i 



6a4> = 2 

where a = 1,2,3 and we defined 



aoV + asa^a - i^a^U + aM <P , (2-36) 



= {ri3V3)mn^q"'qn, = {r]a)mn'^q^ qn ■ (2.37) 

The hermiticity (or complex conjugation [17J) properties of these generators are 

U* = U, V* = -V, W* = -W,, Al=A„ B* = -B, . (2.38) 
Reorganizing them into the following four triplets of hermitian generators 





= -\{W2-W2) 






Yi = 


\{W2 - W2) 






X2 


= +\{Wi-Wi) 




+ UW2 + W2), 




Y2 = 




-UW2 + W2 






= \{u-iv). 




>3 = 


\{U + iV) 






= -l(^+iSa) 




= 


\{A.-iB,) 





(2.39) 
we find that 

[^a,^b] =Jeabc^c , (2.40) 

and similarly for Y^^ and La, whereas all other commutators vanish. This proves that the 
i?-symmetry group of the mass-deformed theory is SU{2) x SU{2) x SU{2) x SU{2), which is 
the same as SO (A) x 50(4). 

On another hand, it is also instructive to see how the i?-symmetry transformations act on 
the scalars. Projecting (|2.32p to find the corresponding variations of A and Cmn, and using 
()2.19p together with ()2.12p , we find after a little algebra that 

5jiX^ = Ai-asX'^ -b2X^ + biX^), (5rX^ = A{-aiX^ -a2X^ -a^X^^) 

5rX^ = 4(03^3- 02^5 + CiX6), 5rX^ = 4(5iX7 + 033^9 - 032^^°) 

5rX^ = 4(62^3 + c2X4 + aoX6), 5rX'^ = 4(52^^-033^^ + 031X1°) 

5rX^ = 4(-6iX3-ciX4-aoX5), SrX^"^ = A{azX'' + a^2X'' - a^iX^) , (2.41) 
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where 6ji = S^^ + 6a, and we defined 2 = 61,2 + ^ci^2- This clearly shows the 50(4) x 50(4) 
structure of the surviving i?-symmetry transformations. 

2.5 Hamiltonian as a quadratic form 

The on-shell Lagrangian, obtained by substituting (|2.9|) into (|2.1|) . can be easily transformed 
into the superfield form, 

c = ^x^(n-M2)x^-^^+r_^(n-M2)^+ 

= A(n - M^)A + Icmnin - M^)c^^ + ^xmT^(n - M^)x'^ 

4 V2 o 

= -II d^ed^e{^^{n-M')^} , (2.42) 

where we used that 

I d^ed%. ..) = dWd[4](. . . )| = ^e^,fc/d^^'^^e™d™(. • • )| • (2-43) 
The LC Hamiltonian (defined with respect to the LC "time" x"*") is then0 



where we used that ^ = d"^ — 2d~^d . We claim that this can be rewritten as a quadratic form 
in the dynamical supersymmetry transformations, 



n 



^ I d'ed'e{{Q„,c^)^iQ^cP)} . (2.45) 

The proof is the same as in [15J, because, thanks to the following identity 

2Znrr"qn + qnk] + nk"[qnm, q''] = , (2.46) 

we can simply integrate by parts with Qm- Using (|2.2Up . we then find that 

n = I d4^d4^(^^{Q™, g™}^) , (2.47) 

after which we use ()2.25p to confirm the quadratic form property of the Hamiltonian. 
2.6 Dynamical Lorentz boost 

When M = 0, conformal invariance allows the dynamical boost generator, J'^ , to be calculated 
by commuting the Hamiltonian shift generator, "P", with the kinematical generator of special 
conformal transformations, [18J. Once M ^ 0, the conformal invariance is broken and 



* H should really be called the Hamiltonian density. The Hamiltonian is = J dx dx^ H. We will work with 
y. while freely dropping total d'^ = —d- and 8 — 82 derivatives, which is justified once we go back to H. 
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has to be derived from scratch. To do so, we start from the covariant form of the Lorentz 
transformations (12.30 . Defining as the part of b\ multiphed by A2-, we find that 

bj-^^ = (xO- -x-9+)^'+ + ^(a + Mr2r3456)^+ , (2.48) 



where as usual we set = and substituted ()2.9p for Reducing this to the variation of 
the superfield component fields, we obtain 

bj-A = (^xd'-x-d^A 

bj'Xm = [Xd -X O+^jXm + ^^mXn 
bj-Cmn = (xd- -X-djCmn . (2.49) 

The superfield expression for the M-independent part of bj-<j) follows easily by comparison 
with [TBJ. To find the corresponding expression for the 0{M) part, we observe that, with the 
i?-symmetry generators U and V defined in (j2.37p . we have 

iUiA, xm, Cn^n, x", A) = {-2iA, -iXm, 0, ix"" , 2iA) 

ViA, Xm, Cmn, X'",A) = (0, 0^"Xn, O^'^Cfcn " f^n^'Cfc^, ^^n^x", 0) , (2.50) 

and therefore 

iUV{A, Xm, Cmn, x", A) = (0, -iJ^™"xn, 0, -iO„™x", 0) . (2.51) 
It then follows that 

bj-^ = [xd- - x-d + {^Af - 1)^) - ^UV^ , (2.52) 
where M = ^"9^ + ^mS'" = 4 + ^(g^d^ + qmd"") [TB] and 

d- = ^{d'-M'). (2.53) 

We thus have found the mass deformation of all the (non-conformal) dynamical generators of 
the (abelian) BLG theory. The kinematical (non-conformal) generators receive no M-dependent 
modifications, and are the same as in [18j . The conformal symmetries (dilatations, special 
conformal and superconformal) are, obviously, broken by the mass deformation. In the next 
section, we will discuss the non-abelian generalization of these results. 
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3 The full mass-deformed BLG theory 



In this section, we extend the preceding results to the case when f a is non-zero. The mass 
deformation of the supersymmetry transformations has no terms with M multiplying f^'^'^a, and 
so (j2.23p generalizes trivially. The i2-symmetry generators are all kinematical, and receive no 
modifications from the /'s. The difficult part is to verify that the full LC superspace Hamiltonian 
can still be written as a quadratic form in the dynamical supersymmetry transformations. We 
will show that this is, indeed, the case. 

3.1 Supersymmetry transformations 

The complete supersymmetry transformations of the mass-deformed BLG theory are [U O [22] 

6,A^\ = ier^r'x',^dr'"'a , (3.1) 

where f^'^'^a are totally antisymmetric in the upper indices, and satisfy the Fundamental Identity 

m 

flef9jc]db^ = . (3.2) 

The commutator of these transformations closes into the translation, gauge transformation and 
an M-dependent /^-symmetry transformation, plus terms proportional to the equations of mo- 
tion. To derive the LC superspace transformation laws, we need to go through the following 
steps [IT] 

• fix the LC gauge A^^a = 0; 

• solve equations of motion for dependent field components {A^^a, ■^2 a and ^'a-); 

• modify supersymmetry transformations by adding compensating gauge transformations 
required to stay in the gauge; 

• find the modified supersymmetry transformations of Aa^ Cmna and Xma\ 

• guess and confirm the corresponding superfield transformation law. 

As the equation of motion for A^ a is not affected by the mass-deformation, the expressions for 
Aj^^a and A2 a remain the same as in [17] . As there are no il^-dependent corrections to 5^^^ a; 
the parameters of the compensating gauge transformations Kf'a are also the same as in [17] . The 
equation of motion for is 

T^D^^a + h:^^^>^,XiXif'\ + Mr3456^a = , (3.3) 

and so the expression for '^a- is modified. However, as the M-dependent term comes without 
/^'^'^a, its effect on the supersymmetry transformation of (j)a is exactly the same as in the f^'^'^a = 
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case considered in Section [21 [§ Therefore, combining (j2.23p with the results of [T7|, we conclude 
that the full LC superspace transformation laws in the mass-deformed BLG theory are 



Se+Cl>a = {rQm-PmQn<Pa + il3mW:' + ^{irW^a) , (3.4) 

where Q's are given in (j2.24p . and 

Note that we chose the form of W^s that involves g's instead of d's (see (7.43) in [E]). As we will 
see, with this choice the proof of the quadratic form property of the LC superspace Hamiltonian 
simplifies tremendously (cf. [18j). 

3.2 The Lagrangian and the LC Hamiltonian 

In order to write down the Lagrangian invariant under the supersymmetry transformations (j3.ip . 
we need a metric hab for raising and lowering the gauge indices. Requiring that the resulting 
jabcd ^ jabc^f^ed jg f^otally antisymmetric, the Lagrangian is given by 



C = Cblg + >Cm 

J^BLG = -l{D^xi){D^^xi)+'--^ar>'D,^a+'--^brijx!,xi^j'''^ 



+\e>"'^A^ab{duAx''' + \a,\A^'^) - ^r"""" ' dXixi Xf Xix] X^ 

Cm = -—Xixi + -M^,r3456^a - mr^-'^iXlxtxlxl, + Xlxlxlxf) , (3.6) 

where = 9^^a - \^a^b with 1^^ = f'^^aA^cd- In the LC gauge, with ah the de- 

pendent fields substituted into the Lagrangian (as in [19] but in the conventions of [IZ]), the 
^'-independent part of the Lagrangian reduces to Cx = ~Xld^d^ X^ — T-Lx where 

nx = -\xi{d^-M')xi-r'^{xidxl)j^{xid^xi) 



f abed jab' c'd'^^I^i,) . ^(X/9+Xi) • ^ 



+ ^ r'^'^r^'^''^' {Xixi, ) {Xixi, ) {Xixi ) 

+AMr'^{Xlxtxlxl + Xlxlxlxf) . (3.7) 
The first three lines are 5*0(8) invariant and can be rewritten in terms of ^'s and C's using 

x'A-" = AX' + AA' + ic„„a"»». (3.8) 

The 0{M) part of the LC Hamiltonian breaks SO{8) down to 50(4) x 50(4). Its form in terms 
of ^'s and O's is given in equation (|C.20p of Appendix O 



^ Similar analysis shows that our result (|2.52p captures all the M-dependence of the dynamical Lorentz boost, 
Sj-(j)a- Note that d~ (f>a there receives an additional 0{M) correction, which can be deduced from the full 
Hamiltonian. 
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3.3 Hamiltonian as a quadratic form 

According to (j3.4p . we have 5e+(j)a = S^g'Pa + ^i3Q4>a where 

(^/JS'/'a)* = /3"*(Qm^a + iM^ma) . (3.9) 

We therefore expect that the quadratic form property of the Hamiltonian with J"''^'^ = 0, see 
(I2.45p . generahzes to 

-H = ^ j (fed^e {Q^'4>a + iW^a)^{Q'^(t>a - iw^) ■ (3.10) 

Expanding in powers of /'s, we have U = 7^^°) + n^^^ + rL^'^\ where 

We have already verified that ^'^^^ reproduces the corresponding part in (13. 7p . In Appendices ICl 
andini we show that the same is true for the 0{f) and 0{f'^) parts. Kinematical supersymmetry 
then guarantees that the ^t-dependent part of T-L is reproduced correctly as well. The quadratic 
form property of the LC superspace Hamiltonian is therefore rigorously established. 



4 Summary and discussion 

In this paper, we have analyzed the mass-deformed BLG theory [H [5] from the LC superspace 
point of view [12]. We found that the mass deformation is treated as an interaction in the sense 
that the (surviving) kinematical symmetry generators |18) . including the kinematical supersym- 
metry generators g's, are not modified by it.|j The (surviving) dynamical symmetry generators, 
the dynamical super symmetries Q's, the Hamiltonian shift V~ , and the dynamical Lorentz boost 
i7~, all receive M-dependent corrections. 

The modification of the Q's is the simplest, but non-trivial: it is linear in M, independent 
of f^'^'^aj proportional to ilrn." ai^d cubic in the g's. The matrix Q, carries S'C/(4) indices and 
specifies a quaternionic direction in the algebra of SO (4) C SU{4). It plays the key role in 
reducing the SO (8) /^-symmetry of the BLG theory down to SO {A) x 50(4). 

The V~ can be determined either from the commutator of two Q's or as a functional deriva- 
tive of the LC superspace Hamiltonian H |18] . The resulting expression is complicated, and 
has both 0(M) and 0{M'^) parts. However, H itself is extremely simple, being given by the 
quadratic form ()3.10p . 

® Other kinematical generators, including the conformal ones and part of the 50(8) _R-symmetry, cease to 
represent symmetries when the mass M is introduced. 
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The M-independent part of J~ can be derived by commuting V~ with the kinematical 
special conformal generator jl8j . Most of its M-dependence then comes from adjusting the 
value of encoded in the Hamiltonian. Its remaining 0(M) part, see ()2.52p . turns out to be 
given by a single term quadratic in the surviving i?-symmetry generators. 

The quadratic form property of the LC superspace Hamiltonian H has been established via 
an explicit calculation. We extended the proof of [18] to the quadratic order in ^ as well 
as proved that the same quadratic form correctly describes the M-dependent parts of H. Still 
lacking, however, is the fundamental understanding of this property (first observed in jl5j). It 
appears to be rooted into maximal supersymmetry, which in turn imposes the reality ("inside- 
out") constraint ()2.20p on the superfield [12] and leads to the quadratic form property at 
the 0{f^) level. Presumably, the preservation of this property while turning on the structure 
constants /'s can be attributed to analyticity of extended supersymmetry [M] . 

The mass deformation of the BLG theory serves as a supersymmetry preserving IR regulator, 
and therefore we expect that the analysis performed in this paper should be useful for studying 
quantum properties of the BLG theory in LC superspace. 

It would also be very interesting to understand the LC superspace formulation of theories 
with less-than-maximal supersymmetry (such as \25\ I26j). In particular, to study deviations 
from the quadratic form property of the LC superspace Hamiltonians in these cases. 
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A Gamma matrices and 't Hooft symbols 

The representation of the d = 11 gamma matrices that we use is as follows [17] 





Ts = 


-iih ( 


»C73) 


im ( 




Fi = i{a3(g)ia2) {h(^ h), 


Te = 


-i{h ( 


^(73) 






T2 = {h(S)(73)^{h(E)a3), 


= 


-iih ( 


»a3) 


8) (r/3 ( 






Tg = 


-(^2^ 




5 (f?i 




r4 = i((T2 i(72) (gi (/4 ® -^2), 


Tg = 




^(73) ^ 


5 (r?2 


) 1(72) 




Tio = 




^(73) ^ 


5 (% € 


') 1(72) 


where the Pauli matrices da, a = 1,2,3, are 


standard 












(A.l) 
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and the 't Hooft symbols 7?amn and 7?amn are given by 



+ 

/ 

- \ 

+ 



ryi = -^c^2 cri 



+ 



?72 = -h <8> icT2 



/ + \ 



r/3 = +ia2 (8) ^2 



+ 



V 



+ 

v+ / 
/ - \ 

+ 

V + 

/ + 



V + / 



(A.2) 



They satisfy cTaCb = h^^h + ^EabcCc and[l| 

??a7?b = -li^B^h - eabc7?c, ?/a% = ??b%, = "A^^ab " ^abc^fc • 

Note that riiri2r]3 = ?7i?72% = h- The only independent products, therefore, are 



(A.3) 



mm 



mm 



mm 



/ + 

+ 



v 

+ 

V + 



mm 



( + 

+ 

V 



\ 

+ 

+ / 



/ + \ 



mm 



mm 



(- \ 

+ 



V +/ 



+ 



mm 



+ 



+ 



+ 



mm 



I 



+ 



+ 



mm 



V+ / 



+ 

V +/ 



(A.4) 



The d = 11 charge conjugation matrix is 



(A.5) 



and it is used to define the conjugated spinors e = e^C and ^ = ^'^C. We also observe that 



roi2 = -{cF:i® h) ® {h® a^) 
r3456 = ^(0-3 ® h) ® {m ® h) 
^789(10) = ® h) ® {m ® era) , 



(A.6) 



^ The [lA,ri3) and {l4,rjs) are two representations of quaternions as 50(4) rotation matrices corresponding to 
left- and right-multiplication of quaternions, respectively (see e.g. [27]'). 
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from which T 



789(10) — 

Ma 



-r3456roi2 follows. Finally, our conventions [T7] are such that 



U 71 " 



(A.7) 



where the 4 by 4 matrix A^4 acts on the (implicit) spinor indices of ip^s. 

B Useful identities 

The self-dual tensor Cmn, satisfying 



kl 



enjoys many interesting identities. The basic identity that we need is 



(B.l) 



(B.2) 



where (Ci,Ci) = {Cmn,C^^) = {C"^"',Cmn)- Using the shorthand notation C12 = Cj^jj, etc., 
we find that 



(,W2,0 ,034,0 j + (O ,012,034,0 j — -(Oi, Oi, O2, O2 



^41^ 



i23 



41 \ 



1 



(B.3) 



where we underlined the two C"s to which the identity ()B.2p is applied. Noting that 

l Ol2 i O ,034,0 j + (O ,012,034,0 J 

— (,0 ,012,034,0 j + (034,Ol2,0 ,0 J 

+ (,034,012,0 ,0 j + (034,0 ,0i2,0 j =2(Oi2,0 ,034,0 j, 

we deduce the following identity 

(C12, C^^, C34, C^^) = -|(Ci, Ci, C2, C2) — (Ci, C2, Ci, C2) + (Ci, C2, C2, Ci)| 



(B.4) 



(B.5) 



Denoting the LHS of ([Rill as "(12/23) - (23/34) + (12/23)," we find that the corresponding 
sequence needed to similarly reduce (C12, C^^, C34, C^^, C56, C^-"^) is 



(12/23) - (23/34) + (34/45) - (12/23) + (23/34) - (12/23) + (56/61) 

(,012,0 ,034,0 ,056,0 j + (,0 ,034,0 ,0i2,0 , O; 



56 J 



(B.6) 



which yields 

(C12, C^^, C34, C^^, C56, C^^) + c.c. = -|(C5, C5, C12, C^^, C34, C^^) 

— (,05,012,05,0 ,034,0 j + (,05,012,0 ,05,034,0 j 

//^ /^23 /^41 *^ \ I //^ /^23 /^41 \ 

— (,012,05,05,0 ,0 , 034; + (Oi2, O5, O ,05,0 ,034; 

— ((^12, (^5, C^5, C''^"'^, (^34) + ((^12, C*^^, ^34, (7^^, (^5, (^5)1 . (B.7) 
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Now the identity ()B.5p can be applied and we find 21 terms on the RHS, of which 6 terms cancel 
upon relabelling of indices. The remaining 15 terms combine in a particularly nice way if we 
order the Cs as follows 

(Ci2, C^i, C56, C23, C34, C^') + c.c. = -^{522(511 + 115 - 151) 

+(512 - 521)(512 + 125 - 152) + (112 - 121)(255 + 552 - 525)| , (B.8) 

where 522511 = (C5, ^2, C2, C5, Ci, Ci), etc. 

C The linear in /"^^d p^rt of the Hamiltonian 

The 0(f) part of the quadratic form Hamiltonian (|3.1U|) is given by 

n^'^ = -^dW{Q"^d[4]'/'a • ^Wma}^+C.C. , (C.l) 

where we used (I2.43P and the fact that dnWma = 0. For the M-independent part, we have 

-1/(1) _ _ ^ fabcd 

'^BLG ~ ^mnkl ^ 

xdWj Ag^^^ • • j^{d+^c ■ q'"'^ + 3a+Q>, • q'^'^d)}^ + c.c. (C.2) 

For the "C-only" part of the projection, only the term with "3" contributes, and there is only 
one way in which the four derivatives in d'^l = j\ £rstud^'^^^ should be distributed among the four 
^'s. We thus immediately find that [§ 

This corresponds to equation (H.IO) in [18J, which there took much more effort to derive. Our 
simplified derivation is the consequence of using the expression of Wma in terms of q^s (rather 
than in terms of d's). Using the identity ()B.5P and the antisymmetry of f"-^'^'^^ we find 

= \{-^C,.^+C2■^{^+C2■C,-^+C,.C2) + -^C,.^-^C^.^{^^C2■C2)} 



1 



5^ 



1 „ 1 



Ci-— (a+Ca-Ca) = --5Ci • Ci • — (5+C2 • C2) , (C.4) 



4 ^ ^ d+ 



which agrees with ()3.7p . We verified that T^blg\a2(j2 and ^^|^c'|^4 match with ()3.7p as well, 
together with ^^]^c'|c4 giving 

'^bIg\x = -iA-dA + A-dA + • dCi) ■ -^{A- d+A + A- d+A + ■ 5+C2) • (C.5) 
Turning to the M-dependent part of VS^\ we find that 



(1) _ M ^abc^^ 

~ 48\/2 ^"^"fc' 



{^^"0a • • ^(5+0, • q^^'<\^d + 39+(z>, • g'^Vd)}! + C.C. , (C.6) 



* It is convenient to keep the gauge indices, together with f'^'"^'^^ implicit. The antisymmetry of f"-'"^'' translates 
into the fermionic-like behavior of the four objects separated by the central dots. 
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where 

Tn „ nk I m k „ „mn 



^ Znn'^q^ + ilrTquq''' + O^'^g^g'"" , (C.7) 
which has the fohowing projections 

(fV'^^\ = -ZO/df™^,, erstu(r''V'^^\ = -l2ZVtJ'd+^(t)\ . (C.8) 



Acting with d^^l = -^erstud^^^^, we easily find that the "A-only" part of H^lj^ vanishes, 



•w(^) - n 



'^\d\A'^C'^ ~ i^^n"^{C"'^ ■ Cmk ■ A ■ A) 



For the "C-only" part, we find 



(Ci 



as it is proportional to = 0. For the part with two j4's and two C"s, we find 

= lMQn'^[^C^'^ ■ d+Cmk ■ ^(A ■ d+A) + A-A- ^{d+C'^'' ■ C^u) 

-^C^^ . A . ^{d+C^k ■ d+A) + i^C"'^ • A ■ ^{d^^A • Cmk)} + c.c. (C.IO) 
Using the total antisymmetry of f"-'"^'^^ complex conjugation rules 

{Ar = A, {c^^y = c^^, {n^^r = -nn^, (c.ii) 

and the following identity 

^ra {C ,Cmi) = {CmijC ) , (C.12) 

which follows from (IB.2P and fim™' = 0, it is straightforward to prove that 



(C.13) 



^M|C4 = -^MOfc™(ipC'=" • • ^{d^C^ ■ Cnj)) + C.C. (C.14) 

In order to simplify this, it helps to split iQ,j^"^C^"' into two parts, symmetric in mn and anti- 
symmetric in mn, 

Note that (A™")* = -^SmnkiA'^K Using (jES]), we find that 

^A™- • • j^{d+C'^ ■ Cnj) = • Cmn ■ ^{d'-a, ■ C'^) . (C.16) 

As this expression is purely imaginary, A^'^ does not contribute to T~l'^^\(ja- Turning to the 
contribution of 5™", we note that ([12]) and S'^'^Cran = imply that (S""'", C^j, C*^ Cnj) is 
totally antisymmetric in the last three arguments. It is then straightforward to show that 

^S'"" • • ^{d^&^ ■ Cnj) = liS"^"" ■ C'' ■ Cmi ■ Cnj) , (C.17) 
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which is real. As a result, 



(C.18) 



Finally, using that J^m" = (?/3)mn and the expressions (I2.12p . we find 

r2„™'(C"^ ■ Cmk ■ A ■ A) = ^rJ"' {Cjnk " C^"" ■ A ■ A) 

= 2\Tr{rj3mV2)l{X''-X^-A-A) 

= 4{X^-X^-A-A) 

= -4i{X^ -X^ -X^ ■ X^) , 

= AiTr{mv3mmm)\{x' ■ {-ix^) ■ {ix^) ■ (-ix^o)) 

= 4:\i{X'^ ■ X^ ■ X^ ■ X^^) , (C.19) 
so that the sum of (1091) . (fOTSl) and (iOTSl) gives 

n^^^^ = iMn„"'{c''''-c^k-A-A)-'-Mnk"'{c''^-&^ -Cmi-Cnj) 

= 4M{X^ ■ X^ ■ X^ ■ X^ + X^ ■ X^ ■ X^ ■ X^'^) , (C.20) 
in agreement with (I3.7p . 

D The quadratic in f"'^^'^ part of the Hamiltonian 

The part of the quadratic form Hamiltonian p.lOp quadratic in J"''^'^ is 



More explicitly, 



■^^{d^(t>b' ■ -^((^^^c ■ qrst4>d' + ^d^qr4>d ■ qst4>d'))^^ ■ (D-2) 

Thanks to our choice of writing W's in terms of g's, (i[4] = -^e^^^^dijki goes through the second 
line (since dm4' = 0). Acting on the third line, d[4] yields 30 different terms. Then we have to 
act with = ^Sa^-ysd"^'^^ , with each derivative capable of hitting each of the six (p^s in each 
of the 60 terms. Some of the resulting terms vanish as d'^(f) = 0, but still many remain. Instead 
of writing them all at once, it helps to organize the terms by their field content. Concentrating 
on the "yl-only" part of ^(2)^ 

we collect terms with or 4 d's (or g's, which become d's upon 



19 



projection) remaining on each after = —ZS^ is used. We find 

,(2) i 



U 



|A6 



1 



9+3 



1 



Ad+d^^''di,k<l)-—{d+<l)-diq, 



+3 X Qd+d^UijCt> ■ ^{2d+d^dk(t> ■ diqrst<P + d+(f> ■ d^dklQrst^ 



+3 X Ad+df^dicf) ■ -^{Sd+d^^djk^ ■ diqrst(k - 2 X ^d+d^djCj) ■ dUmrst^ 

• d^^ djkiqrst(t>) 



rsfi 



+3 X Ad+d^d,ct> ■ d^^djkiqrst4> + d^(t> ■ d^^^d^jMqrst(t>) , (D.3) 



where we omitted J'^^'^'^yafe'c'd' -^j^^g keeping the order of (j)^s fixed. After a bit of algebra, we 
find that the 10 terms inside the square bracket combine into the d^^ derivative of a single term. 
Rewriting the result in terms of ^'s, we obtain 



n 



(2) 



Comparing this with the corresponding part in (13. 7p . we find that the two expressions agree. 
Turning to the "C-only" part of (ID^ . we find that 

1 



n 



(2) 
|C6 



16\/2 • 18 



'Vanpq 



5+3 



1 



Ad+d'd,jk'i>-Q^{'id+diqr(t) 

+6d^dijct> ■ -^{3d^d^dkiqr4> ■ qst4> - Gd'^dkqrCp ■ d^diq, 



sts 



(D.5) 



The three terms inside the square bracket combine into the 5+ derivative of a single term, and 
rewriting the result in terms of C's, we obtain 



n 



(2) 



1 



|C6 - d'^Cij ■ — ((9+C™ • Cmn) ■ 



The identity (jB.Sp allows to rewrite this as 



n 



(2) 



ler -3-^(5 C2-c,).^ 



d+Cs • g^id+Ci • Ci) + d+Ci -Ci-Cs 



1 r 



5+2 

1 r 



5^ 



5+C2 • ^(5+C3 • C3) + a+Cs • C3 • C2] } . (D.7) 

^ The "A-only" part of the third hne in (|3.7p vanishes identically. Therefore, it would be incorrect to argue that 
the matching of (|D.2|) with H3.7|) for the "A-only" part, together with the 50(8) _R-symmetry of 'H^'^\ guarantees 
that they match for other parts as well. 
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Each square bracket can be written as a total derivative of a single term. The sum of the 
1st and 3rd lines similarly yields a total derivative on the first triplet of C"s. Finally, using 
the following identity 



1 

ttC'i ■ C2 • C3 ■ Ci ■ C2 ■ C3 

D 



(D.8) 
(D.9) 

fn) (2) 

which matches the corresponding part in (j3.7|) . We also verified that the 'H^y^2(j4 and T~l-^j^4(j2 
parts of ()D.2p and (j3.7p match as well, giving 



we find that 

^[§6 = ^Ci • ^(a+C2 • C2) ■ Ci ■ ^(5+C3 • C3) + ^Ci • C2 • Ca • Ci • C2 • Ca 



(2) 



^ 1 



-A ■ —{Ci ■ d+Ci) ■ A ■ —{C2 ■ 9+C2) + -A-Ci-C2-A-Ci-C2 



n 



(2) 



4-- 5+^-- - d+ 

+ \ci ■^{C2- d+C2) -Ci-^iA- d+A + c.c.) , 
= A-^{A-d-^A)-A-j^iCi-d+Ci) + c.c. 
+ Ci-^(A- d~^A) .Ci-^iA- d+A) . 



(D.IO) 



In the n\22 ^4 case, we had to use the identity (|B.5p. In ah the cases, we used the [bed] an- 
tisymmetry of f"-^'^'^ and performed various integrations by parts. However, surprisingly, the 
Fundamental Identity (|3.2|) was never needed in this analysis. 
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